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Abstract 

By working with the periodic resolvent kernel and Bloch-decomposition, we estab- 
lish pointwise bounds for the Green function of the linearized equation associated with 
spatially periodic traveling waves of a system of reaction diffusion equations. With our 
linearized estimates together with a nonlinear iteration scheme developed by Johnson- 
Zumbrun, we obtain L^- behavior(p > 1) of a nonlinear solution to a perturbation 
equation of a reaction-diffusion equation with respect to initial data in H recov- 
ering and slightly sharpening results obtained by Schneider using weighted energy and 
renormalization techniques. We obtain also pointwise nonlinear estimates with respect 
to two different initial perturbations |uo| < i?oe~'^' and |uo| £ £'o(l -I- re- 
spectively, Eq > Q sufficiently small and M > 1 sufficiently large, showing that behavior 
is that of a heat kernel. These pointwise bounds have not been obtained elsewhere, and 
do not appear to be accessible by previous techniques. 

1 Introduction 

In this paper, we obtain pointwise bounds for the Green function of the linearized equations 
associated with a spatially periodic traveling wave of a system of reaction diffusion equa- 
tions, and use this to obtain pointwise bounds on decay and asymptotic behavior, sharping 
bounds of [JZ2] and [SI, S2], of perturbations of a periodic traveling wave of a system of 
reaction diffusion equations. Suppose that u{x,t) = u{x — at) is a spatially periodic wave 
of a system of reaction diffusion equations of form ut = Uxx + f{'^)^ where (x, t) G M x M"*", 
u G M", and / : M" — t- M" is sufficiently smooth: equivalently, u{x,t) = u{x) is a spatially 
periodic standing-wave solution of 

(1.1) Ut - aur^ = Uxx + f{u)- 
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Throughout our analysis, we assume the existence of an X-periodic solution u{x) of 

(1.1) . Without loss of generality, we assume that u is 1-periodic, that is, u{x + 1) = u{x) 
for all aj G M. A different pointwise Green function approach was carried out in [OZ] in the 
context of parabolic conservation laws by direct inverse Laplace transform computations 
not using the standard Bloch decomposition into periodic waves. In this paper we work 
from the Bloch representation and in the process we develop an interesting new formula 
for the high-frequency description of the resolvent of an operator with periodic boundary 
conditions on [0, 1]. 

Linearizing (1.1) about a standing-wave solution u{x) gives the eigenvalue equation 

(1.2) Xv = Lv := {dl + ad.^ + df{u))v. 

As coefficients of L are 1-periodic, Floquet theory implies that the spectrum is purely 
continuous and corresponds to the union of A such that (1.2) admits a bounded eigenfunction 
of the form 

(1.3) v{x) = e*«^«;(x), ^ € M 

where w{x + 1) = w{x), that is, the eigenvalues of the family of associated Floquet, or 
Bloch, operators 

(1.4) := e-'^^Le'^^ = {8^ + i^f + a(a^ + i^) + df{u), for ^ e [-tt, tt), 

considered as acting on periodic functions on [0, 1]. 

Recall that any function g G L^(M) admits an inverse Bloch-Fourier representation 

(1.5) g{x)= r e'^-g{C,x)dC. 

J —TT 

where g{^,x) = X^jez + j27ri) is a 1-periodic functions of x, and g{-) denotes the 
Fourier transform of g with respect to x. Indeed, using the Fourier transform we have 

Since L{e^^^f) = e*^^(L^/) for / periodic, the Bloch- Fourier transform diagonalizcs the 
periodic-coefficient operator L, yielding the inverse Bloch-Fourier transform representation 

(1.7) e^*<7(^)= re'«"e^«*3(e,x)de. 

J —TT 

By the translation invariance of (1.1), the function u'{x) is a 1-pcriodic solution of the 
differential equation Lqv = 0. Hence, it follows that A = is an eigenvalue of the Bloch 
operator Lq. Define following [SI, S2, JZ2] the diffusive spectral stability conditions: 

(Dl) A = is a simple eigenvalue of Lq. 
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(D2) Rea{L{) < -6'|^p, 6" > 0, for all real ^ with |^| sufficiently small. 

Assumption (Dl) corresponds to transversality of « as a solution of the associated 
traveling-wave ODE, while assumption (D2) corresponds to "dissipativity" of the large- 
time behavior of the linearized system; see [SI, S2, JZ2]. 

Remark 1.1 ([JZ2]). By standard spectral perturbation theory [K], (Dl) implies that the 
eigenvalue A(^) bifurcating from X = at ^ = is analytic at ^ = 0, with A(^) = Ai^ + 
A2^^ + O(l^p), from which we find from the necessary stability condition Re\{^) < that 
ReXi = and Re\2 < 0. Assumption (D2) thus amounts to the nondegeneracy condition 
Re\2 together with the strict stability condition Rea{L^) < for ^ 7^ 0. 

Rewriting the eigenvalue equation (1.2) as a first-order system 
(1.8) V' = A{\,x)V, 

where 



V 



v\ , f I 



XI - df{u) -al 



denote by Ty-^"" G C^'^^^n ^j^g solution operator of (1.8), defined by T^-^y = I, d^T = AT. 
That is, J^y^^ = $(x)<5(y)~^, for any fundamental matrix solution ^> of the (1-8). 

By the definition of Bloch operators (1.4), for each ^ G [— 7r,7r), we have a second-order 
eigenvalue equation 

(1.9) An = L^u = u" - A^v! - C^u, 

where A^ = -{a+2i^)I G C"''" a constant matrix and Q(x) = -df{u)-{ia^-^'^)I G C"''" 
a matrix depending on x, and u G is a vector. 
Rewriting (1.9) as a first-order system 

(1.10) U' = A^{x,X)U, 
where 



(1.11) U 



u\ . f I 



Xl+Cg: Al: 



similarly, denote by J-^~^^ G C^"^^" the solution operator of (1.10), defined by J^^^ = /, 
dx^e, = A^J^^. That is, = $^(x)$^(y)~^, for any fundamental matrix solution of 

the (1.10). 



1.1 Main result 

With these preparations, we now state our two main results. 
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Theorem 1.2. The Green function G{x,t;y) for equation (1.2) satisfies the estimates: 

j-p y atl"^ 1 \x y — at\^ 

t- y) = -r==e ^q{x, 0)q{y, 0) + 0{{1 + t)-^ + 5 e-''*)e , 
(1.12) ™* 

I \x — v — atl 1 la: — v — atl 

G^(x,t;y) = ^==e 4B^(?(x, 0)g(y, 0) + 0(t-i)e 



uniformly on t > 0, for some sufficiently large constants M > and r] > 0, where q and 
q are the periodic right and left eigenf unctions of Lq, respectively, at X = 0. In particular 
q{x, 0) = u'{x). 

Theorem 1.3. Define the nonlinear perturbation u := u — u, where u satisfies (1.1). Then 
the asymptotic behavior of u with respect to three kinds of initial data(denoted by uq): 

(1) \uq{x)\li^hi , IxuoIli < Eq, sufficiently small 

|x|^ 

(2) \uq{x)\ < EqE m~ ^ Eq > sufficiently small and M > 1 sufficiently large 

(3) \uq{x)\ < Eq{1 + |x|)~'', Eq > sufficiently small and r > 2 
converges to a heat kernel with the following estimates, respectively 

(a) \u{x,t) - U^u'k{x,t)\Lv(x) < CEo{l + t)~^^^~p^~^l + ln{l + t)), f or 1 < p < oo 

(b) \u{x,t) - U_^u'k{x,t)\ < CEo{l + t)'^ e~ ^" i^^+t) (1 + ln(l + t)) 

(c) \u{x^t) — U^u'k{x,t)\ 

< CEo \{1 + t)-^l + \x- at\ + Vi)-''+'^ + (1 + t)-^e"^""(i+*)(l + ln(l + t)) 

for k(x,t) = ^^ e , M > M and C > sufficiently large and some constant 

(defined in Section 6). 

Remark 1.4. The 3 parts of Theorem 1.3 is established in Theorem 6.7, 6.23 and 7.13, 
respectively. 

Remark 1.5. The initial condition IwoliinHi' I^^^oIli sufficiently small is compared with 
Schneider's [S2j initial assumption. By Fourier transform, we can roughly consider |(1 + 
|a;p)«o|ff2 as Schneider's initial condition with weight (1 + \x\'^)(See Schneider [S2j, pp690- 
691). This implies that our initial data roughly satisfies \uq\ < \x\~'^ whereas Schneider's 
initial data roughly satisfies \uq\ < |a;|~2 . Our bounds on asymptotic behavior for allp > 
1 are also compared with Schneider's bound. In particular, our bound t'^ ln(l + t) 
is roughly equivalent to but slightly sharper than Schneider's L°° bound for £ > 0. 

Though Schneider does not state IP bounds, his renormalized iJ^(2) bounds (see Thm. 15, 
[S2]) by a simple scaling argument yield IP bounds ~ f~2(^~p)~2+^ Jqj- ^jiy rj > 0, for all 
p> 1, again roughly equivalent to but slightly less sharp than ours. 

1.2 Discussion and open problems 

Pointwise Green function bounds have been obtained by Oh and Zumbrun previously for 
systems of conservation laws, by somewhat different methods, without use of the Bloch 
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representation. Those methods would work here as weU; however, we find the present 
method proceeding from the Bloch transform both more direct and more connected to other 
hterature in the area; in particular, it makes a direct connection between the Oh-Zumbrun 
analysis and other works, filling in the previously missing link of pointwise Green function 
bounds for periodic-coefficient operators on a bounded periodic domain, a topic that seems 
of interest in its own right. In addition, the analysis has a flavor of explicit, spatial domain 
computation that illuminates the arguments of Schneider, Johnson-Zumbrun, and others 
by weighted energy estimates, Hausdorff- Young inequality, and other frequency domain 
techniques. 

A novel aspect of the present work is to obtain pointwise bounds also on the nonlinear 
solution, and thereby sharp bounds for all 1 < p < oo. Schneider's weighted 
estimates, obtained by renormalization techniques, yield LP bounds for 1 < p < oo of 
(1 + t)~2(^~p)~2+^ for any 77 > 0, just slightly weaker than ours; however, the estimates of 
Johnson-Zumbrun, obtained by Hausdorff- Young's inequality appear limited to 2 < p < 00. 
The more detailed pointwise bounds we obtain here do not seem to be accessible by either 
of these previous two techniques. 

An important advantage of our approach over the renormalization techniques used by 
Schneider and others, is that, being based rather on the nonlinear tracking scheme of 
Johnson-Zumbrun, it should apply in principle also to situations, such as periodic solu- 
tions of conservation laws like the Kuramoto-Sivashinsky equations and others, for which 
the asjTuptotic behavior consists of multiple signals convecting with distinct speeds; see for 
example the analysis of [JZl, JZN, JNRZ]. By contrast, renormalization techniques appear 
limited to situations of a single signal. The extension of our results to the conservation law 
case is an interesting open problem. 

Finally, we mention that the techniques used here extend to general quasilinear parabolic 
or even mixed, partially parabolic problems, so that our analysis could in principle extend 
to these more general settings; sec, for example, the related analyses in [HZ, RZ, JZN]. This 
would be another very interesting direction to carry out. 

2 The resolvent kernel 

In this section, we develop an interesting formula for the resolvent kernel on the whole 
line and for periodic boundary conditions on [0, 1] using solution operators and projections. 
This formula is motivated by the constant-coefficient scalar case (see Section 5). We will 
use this formula to find a high-frequency description of the resolvent for periodic boundary 
condition [0, 1] in Section 3. 

For A in the resolvent set of L, we denote by G\{x,y) the resolvent kernel defined by 




(2.2) 
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For each G [— 7r,7r) and for A in the resolvent set of L^, wc denote by Q^^\{x,y) and 
G^^\{x, y) the resolvent kernels of on the whole line and on [0, 1] with periodic boundary 
conditions, respectively. 

Remark 2.1. The spectrum of each L^ may alternatively be characterized as the zero set 
for fixed ^ of the periodic Evans function introduced by Gardner in [GlJ and [G2], 

D{\i) = det{^{\) - e'^I), 

where ^ is the monodromy matrix of (1.8), and D(X,£^) is analytic in each argument A and 
^; likewise, the spectrum of L may be described as the set of all A such that D{X,^) vanished 
for some real ^. So if X is in the resolvent set of L, then 

(2.3) det(^'(A) - e*«/) ^ for all ^ G R, 

that is, J^y'^y+^ — e*^/ is invertible for all ^ G Using decomposition 

(2.4) jry-^y+^=ei^(/^^ °' 



■41 I J 



i(I I 



I — J^~^^^^ is invertible for all ^ € M. Also (2.3) implies the existence of and H, 
because *(A) does not have eigenvalue of norm 1. 

2.1 The whole line case 

Lemma 2.2. For all ^ G [— 7r,7r), the whole line kemel(See the definition above) satisfies 

0\ 



± 



(2.5) 



jT^n+(y) 



x>y, 



g>^ ^]{x,y) = { 



-J|^^n-(j/)rj, x<y, 







where 11^ are projections onto the manifolds of solutions decaying as x ^ ±00 . 



Proof. We must only check the jump condition 



, which follows from 



J^l ^ = I and + — ^"^d the fact that Q^^x{x, y) ^ as x ^ ±00, which is clear 
by inspection. □ 



2.2 The periodic case 

Lemma 2.3. For X in the resolvent set of L and all ^ G [— tt, it), the periodic kernel satisfies 



(2.6) 



-J^-^'Mriy) 



x>y, 
, x<y, 
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where M+{y) = (J - J^^^+Y^ and M'iy) = -{I - 
(Note: Remark 2.1 implies the existence of and .) 



^ j , which fohows from = 



Proof. We must check the jump condition 

I and + = 7, and the periodicity, {^'^ (?/> 1) = ^ ^■^ periodicity 

of the solution operator, = J^^~^^~^^ = By a direct compu- 

tation, we obtain - = - j|^y+^)-ijr|^s/+i ^^ich gives us 

^P)(y,i) = (^P)(y,o). □ 
3 Pointwise bounds on G^,a for \X\ > R, R sufficiently large 

For the proof of lemma 3.1, we follow the proof of high frequency bounds which come from 
Zumbrun-Howard( [ZH] ) . 

Lemma 3.1. For each \^\ < tt and for sufficiently large \X\, 

J-j'-""n+(y) = e-'^"'^'l^'^'l(^-^)iViO(l)7V2, for x > y, 

(3 1) 

J|^^n^(y) = e-'3"'^'l^'^'l(^-")iViO(l)iV2, for x<y, 
A-i/2|/ o\ /|aV2|j q\ 



where A'"i=( ^ ^j,A'^2=( q jj o,nd 11^ projections onto the manifolds of 



solutions decaying as x ^ ±oo, and here fi ^1"^ ^ 'mif^{X:Re\>r)i -772 1 im\\} ( V-^/ 1 I ) • ^ 



1 , 



Proo/. Setting X = |A2|a;, A = A/|A|, u{x) = u{x/\\2\), C(x) = C(x/|A2|), in (1.9), 
we obtain 

(3.2) u" = \u+ \\-^A^u' + \X-^\C^u, 
or 

(3.3) U' = MJ + Q^U, 



I\ ^ f 



where U = j , A = , 9^ = ^^.^ ^^J and |A| = 1. Denote by 

T^'^^ the solution operator of (3.3) and by fl^ projections onto the manifolds of solutions 
decaying as a: — >■ ±00. 

It is easily computed that the eigenvalues of A are ^ and 

(3.4) Re\/\ > 

^Here and elsewhere in this section, 0(1) is matrix-valued, denoting a matrix with bounded coefRcients. 
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for all A G {ReX > rji — ?72|/m.A|} for some /3 > and 771,772 > 0, hence the stable and 
unstable subspaces of each A are both of dimension n, and separated by a spectral gap of 

more than 2/3. Let P = ^p^^ ' where rows of P± are left eigenvectors corresponding 

respectively. 

Introducing new coordinates w± = P±U and using PAP"^ = ( ^^"^ 9_ V we 



Vll J 



obtain a block diagonal system 



(3.5) ^ -VAi U +0 



where 




w- \ n \ \T \w- ^ \w 



(3.6) 





ix-^aJ 1-Va va; 



-X~2C^ + A^ -X~2C^-A^ 
A"5Q - A^ A"^Q + A^ 



1 



Since |A 2 1 is sufficiently small for |A| sufficiently large, by using the tracking lemma(see 
[MaZ], p20), there is a unique linear transformation 



(3.7) ^^{^- ^'^^ l^±l<|A"^| 

so that new coordinates w± = Sz± generate an exact block diagonal system 



(3.8) 



where A+ = -\fxi + \X~^\{0^^^ +%2$„), and y4_ = \/xi + | A" ^ 1(6*^21 + %2)- 

For any |^| < tt and for i,j = 1,2, |%.| = 0{\X-^{C - {ia^ + f)I) + (a-2i^)/)|), and 

so 9^^^ + %i2^- = 0(1) = 6'^2i^+ + %22 sufficiently large |A|. 

Now we have 2+ = {-\/\l + 0{\X~^))z+ and z'__ = (V^7 + 0(|A"^|))2;_. Prom this 

we obtain the energy estimate, 

(z±, z±)' = {z±,TReVllz±) + 0{\X'^\){z±,z±) 
^(Tr'/' + 0(|A-^|))(z±,z±). 
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So we find that 

{\z±\'y^{TP-'/'+o{\x-h\))\z^\\ 



hence 
(3.9) 

provided |A| is sufficiently large. Since \S\ = 0(1 + |A~2|) and \P\ = translating the 

bound (3.9) back to (3.3), we obtain for any |^| < vr, 

J|^^n+(y) = 0(l)e-'^"'^'M, for x>y, 

(3 10) 

j|-^^n^(y) = 0(l)e-^"'^'(^-^), for x<y. 

provided |A| is sufficiently large. 

The operators J^"^^n^(y) are evidently related to the corresponding operators T^^^fr^{y) 
for the rescaled system by the scaling transformation 

(3.11) rr'Titiy) = (1'"^!' f) fr"^''"'"nt(y) (l^'^'l^ 5) . 

Prom (3.10) and Ufiy) = 0{1), we thus have 

(3 12) V / V / 

provided |A| is sufficiently large. □ 
Proposition 3.2. For any |^| < vr and any x G [0, 1], 

|G^,,(x,y)| < C|A-V2|(e-^-^/^|A^/^ll-^l +e-/3-^^^l^^/^l(i-|--^l)) 
^^■^^^ |(5/a,)Ge,A(x,2/)| < C(e-^-^''l^^''ll--^l +e-'^-^''l^^''l(i-|--^l)) 

provided |A| is sufficiently large and C > 0, that is, |G^,a| is uniformly bounded as |A| — )• oo. 
Proof. We note that, by the periodicity of the resolvent kernel, 

(3.14) :q^y+'ufiy) = Uf{y + l)j|-^+i = n±(y).^-^+\ 
which implies 

(3.15) n±(y)(/- j-p+i)(/-n±(y)j|-^+i) = (/ - n±(y) j|-^+i)n±(y)(/ - Jf^^+i). 
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Now, recall the resolvent kernel for the periodic case as 



G 



JT^M+(2/) ( ° I , x> 



I, 



^|-^M-(y)n, x<y, 



(3.16) 



where M+{y) = (I - J|^^+i)-i and (y) = -{I - Jf^y+^)-^ Jf^^^^ . 
Let's consider the case oi x > y first. Since 11^ + 11^ = /, 

^^^M+(y) = J-|-^n+(y)M+(y) + J-^^-^n^-(2/)M+(y). 

From (3.12) and (3.15) and recalling that iVi = ( ' ^ ' ^J, = M^^ I /)' 
have for X > y, 

j|-^"n+(y)M+(y) 

= j|-^n+ (?/)(/ - ^|-^+in+(y))(i - j-p+^n+(y))-i(/ - J-p+^)-^ 
= ^^^n+(y)n+(y)(7 - ^|-^+^)(/ - ^-^+in+(j/))-n/ - Ff^^^')-' 
= j|^^n+(y)(7 - j|-^+^n+(y))-in+(y)(/ - ^-^+^)(/ - j|-^+i)-i 
= J|-^^n+(y)(7 - j|-^+^n+(y))-in+(y) 

= e-P-'''\^'''\(-y)N,Om2, 

where we have used the fact that J-'^~^^~^^U.'^ {y) is decaying for |A| sufficiently large. Simi- 
larly, we have 

J^I^'U-{y)M+{y) = J-|-^n^-(y)(/ - Tl^^^'U^ {y))-'U- {y) 
^Ty^-U^{y){Fl^y^'u^{y))-'n^{y) 

(3.17) = T^^^u- {y)u^ {y):Fy+'^y 

= j-f^--n-(y) 

here, the above approximation is from the fact that T^'^^'^^H'^ (y) is growing for |A| suffi- 
ciently large. 
So, for X > y, 



(3.18) 



,y) = (e-'5-'^'l^^/^l(--f)AriO(l)iV2 + e-'3-'''l^'''l(^+i--)AriO(l)iV2) (^^ 

^ ^g-/3-V2|AV2|(,,-j,) ^g-/3-V2|AV2|(j,+i-a;)^ ('^^0(^1)/'^^) ' 
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Now, we consider the case oi x <y. Prom (3.15) and the calculation of (3.16) , we have 
for X < y, 

J|-^^n+(2/)M-(y) = J|-^-n+(y)(7 - jrv-^y+iyijry^y+i 

= J-p'U+{y){I - 7-p+^n+(y))-in+(y)J-p+^ 

= j|^"n+(y)j|^^+^(7 - j|-^^+^n+(y))-i 

(3.19) = J|-^=^J|^*'+'n+(y)(/ - ^y^y+^U+iy))-' 

= j|+^^"+^j|^^+^n+(y)(/ - n+(i/)j|^^+')-i 
= j-|-^+^n+(y)(/ - n+(y)j-p+^)-i 

= e-^-'''\^'''\(-+^-y)N,0il)N2. 

Similarly, we have 

J|-^^n-(y)M-(y) = J|-^n-(y)(7 - 

= J|^^n-(y)(7 - j|-^+^n-(y))-in-(y)j|-^+^ 

(3.20) « Tp^UJ{y){Tpy-''uj{y)r'llJ{y)Tpy^' 

= n-(x)j-|-^ 

So, for X < y, 

(^P) (^,y) = (e-^-^'^l^^'^l(^+i-^)iViO(l)iV2 + e-/'-^'^l^^'^l(^-)iViO(l)iV2) (j 

(3.21) ^''^ 

= (e-Z^-'^'l^'/'K^+i-J/) + e-'^"'^'l^'^'l(2'-^)) (^^Q^^l^y^ 

This completes the proof of the proposition □ 
Remark 3.3. We can express (3.13) as 

(3.22) G^,x{x,y) = 0(|A-V2|)(e-/3-^/'|Ai/2|mm|^-3/i|)^ 
where yj = y + j ■ 

Remark 3.4. The aliasing between y, y — 1 and y + 1 indicates why the periodic resolvent 
formula possesses always a "y < x" type piece even when y > x. This comes from the 

influence of y — \. 

Remark 3.5. The periodic resolvent kernel G^^x may also be obtained in indirect fashion 
from the whole-line version Q^^x by the method of images 

(3.23) [G^,x{x,y)]=Y^G^,x{x,y + j), 
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which is readily seen to converge (by exponential decay in \x — y\) for X in the resolvent set, 
and clearly is periodic and satisfies the resolvent equation on [0,1]. Likewise, the periodic 
Green function G^ may be expressed in terms of the whole-line version Q^, as 

(3.24) [G^{x,t-y)]=J20dx,t;y + j). 

See (5.14) -(5.15) for an illustrative computation in the scalar constant- coefficient case. This 
clarifies the results obtained above by a direct computation, and the relation between the 
periodic and whole-line kernels. Here, by the " whole-line " version, we mean the kernel of 
periodic- coefficient operator considered as acting on L?{M). 



4 Pointwise bounds on G 

Now we start the pointwise bounds on G. Let's first define tlie sector 

O := {A : Re{\) < 9i - e2\Im{X)\}, 
where 9i and ^2 > are small constants. 

Proposition 4.1 ([ZH]). The parabolic operator df — L has a Green function G{x, t; y) for 
each fixed y and (x, t) 7^ (y, 0) given by 

(4.1) G{x,t;y) = ^[ e^'Gx{x,y)dX 

for R > sufficiently large and 9i, 62 > sufficiently small. This is the standard spectral 
resolution(inverse Laplace transform) formula. 



\x — v\ 

Proof of Theorem 1.2. Case(i). — - — large. We first consider the case that \x — 

y\/t > S, S sufficiently large. For this case, it is hard to estimate G through |[G^(x,t;y)]|, 

directly, because of the problem of aliasing; see Remark 4.2. Instead wc estimate \Gx{x, y)\ 
first and we estimate \G{x,t;y)\ by (4.1). This is treated by exactly the same argument as 
in [ZH]. By [ZH], notice that 



\Gx{x,y)\<G\X- 



-1/2, -/3-i/2|Ai/2||a;-y| 



for all A G Q\B(0, R) and R> sufficiently large, and here, ~ min Re^/X/\X\. 

\eiin{\x\>R} 

Finally we have 



\G{x,t;y)\<c\J^e^'Gxix,y)dX 



< t-^e-'^h 



\x — y~at\ 
Mt 



for some rj > and M > sufficiently large. (See [ZH] for a detail proof) 
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\x — ul 

Case (ii). — - — < S bounded. To begin, notice that by standard spectral pertur- 
bation theory [K], the total eigenprojection P(^) onto the eigenspace of associated with 
the eigenvalues A(^) bifurcating from the A(^)) = (0, 0) state is well defined and analytic 
in ^ for ^ sufficiently small, since the discreteness of the spectrum of implies that the 
eigenvalue A(^) is separated at ^ = from the remainder of the spectrum of Lq. By (D2), 
there exists an e > such that Rea{L^) < — for < |^| < 2e. With this choice of e, 
we first introduce a smooth cut off function ^(^) such that 



1, if m<e 
0, if lei > 2e, 



where £ > is a sufficiently small parameter. Now from the inverse Bloch-Fourier transform 
representation, we split the Green function 

G{x,t;y)= re^«-e^«*4(e,xK 

J —TT 

into its low-frequency part 

J —TT 

and high frequency part 

II = r e'^-il - mPiO)e'''%i(,x)dC. 

J —IT 

Let's start by considering the first part /. 
(4.2) 

1= f e'^-mP{Oe''^'^y{i,x)di 
J\(.\<2e 

J\i\<2e 

J-oo •^ICI>2£ 



-.e lbr^q{x, 0)q{y, 0) + II' + III'. 



View //' and ///' as complex contour integrals in the variable ( and define 



(4.3) a := 



X — y — at 
2bt 
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which is bounded because \x — y\/t is bounded. Using the Cauchy's Theorem and writing 
^1 = ^ + i(x and ^2 = £ + iz, we have the estimate 



< C 



= C 



+ c 



Jo 

pa 

d^ + C / 

Jo 



i2ix-y-at) -bill 



gj(£+2«)2Wag-6(£+2j)2t 





btz^-2btaz 



dz 



dz 



\x — y — at\ 1 , L 2^ 1 ^ 

1 J. lic— y— atl^ 



for some positive r] and M > sufficiently large. 
Similarly, setting 

a. = min{e, a}, 

we can estimate which is 



= C 
< C 



f ^i^{x-y)^{-i<-be)tLo{\e)t _ 1 + o(|^|))d^ 

+ C p |e*(^+i-)(^-2/-«t)e-M^+^-)'*(e°(l^l')*+o(kP)* _ 1 + o{\e\) + 0{\z\)) \dz 

<Ce-— e-—{0{\^\) + l]dC + Ce-— e'— {0{\z\) + ijdz 

< Ce — 2-(^y e — 2"|C|ci^ + y e — z-d^j+Ce — 2" y e — '^\z\dz^j 6"'"= 
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for some 77 > and M > sufficiently large. 

Next, we consider the second part II. Noting first that 

Sy{^, x) = Y^ e^^^'^'Syi^ + j27r) = ^ e^2,,ix^-{^+j2n)y ^ ^-i^y J2 e?'^^^{^-y) = e-'^y[6y{x)], 
jez jez jez 

we have for |^| > 2e, ^{^) = and 



•J2e<\^\<iT 

J2s<\^\<TT 

= I e'^^''-y'^e^^\5y{x)]d^ 

J2e<\£,\<n 

= [ e'^^--y^[G^{x,t-yM, 

V2£<|f|<7r 



where the brackets [■] denote the periodic extensions of the given function onto the whole 
line. Assuming that Rea{L^) < —r] < for |^| > 2e, we have 



here, we fix Ti = d{fl H {ReX < —f]}) independent of Parameterizing Ti by ImX := k, 
and applying the bounds of sup ^(a;, y)]| < 0(|A~2|) for large |A| in Section 3, we have 

\[G^{x,t;y)]\<C f e'^^%G^,x{x,y)]\dX 
Jo 

here, the last inequality is from l'^"^""*! < Si bounded. Indeed, for large M > 0, 



\x—y—at\'^ _(\x—y — at\\2 t 



e 



I \x-y-at\ -,2 t _£lt 

^ t > M > e m'- > e 



and so, 



J2e<\£\<'K 



'2e<\^\<T! 

(4.4) <C sup \[G^{x,t-y)]\ 

2£<|?|<5r 

<Ct 2e 2''e Mt 
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For 1^1 sufficiently small, on the other hand, = 1, and I — (l){^)P = I — P = Q, where Q 
is the eigenprojection of L^ associated with eigenvalues complementary to A(i^) bifurcating 
from A(^)) = (0, 0), which have real parts strictly less than zero. So we can estimate for 
1^1 < £ in the same way as in (4.4). Combining these observations, we have the estimate 



for some 77 > and sufficiently large M > 0. 

This completes the proof of the theorem. □ 

Remark 4.2. Prom (3.24), we see that estimating G using \ [G^]\ would result rather in the 
sum of aliased versions of the Green functions on the whole line, centered at ally+j, which 

for small \x — y\/t would lead to non-negligible errors. That is, in the "small-time" regime 
\x — y\/t large there is considerable cancellation in the inverse Bloch transform involving 
the integration with respect to ^, that cannot be detected by modulus bounds alone. It is for 
this reason that we compute in this regime using direct inverse Laplace transform estimates 
as in [ZH]. That is, this part of our analysis has a very different flavor from, the rest of the 
estimates using Bloch decomposition. For short time, these estimates may be obtained from 
standard parametrix estimates as in [FJ; indeed, we conjecture that with further effort one 
might recover by parametrix methods the same bounds for all \x — y\/t sufficiently large. 

5 Example (constant-coefficient scalar case) 

In this section, we illustrate the previous analysis by a simple example. Consider the 
constant-coefficient scalar case 

(5.1) Uf + aux = Uxx, a > constant 

This gives a eigenvalue equation for each ^ G [— 7r,7r), 



(5.2) 



u" - (a - i2^)u' - (^^ + ia^)u = Xu 



Rewriting as a first-order system 



(5.3) 



U' = A^{x,X)U, 



where 



(5.4) 




By a direct calculation we can find two eigenvalues of 
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which are solutions of the characteristic equation 

(5.6) - (a - «20/x -X-f-ia^ = 0. 

Without of loss generality we assume Ren- < and i?e/i+ > 0. 
Let's construct G^^x{x,y) and Q^,x{x,y). To find Q^,x{x,y), set 



(5.7) 



A{y)ef'-'', x>y, 
B{y)e^+^, X <y, 



which satisfies the jump condition 



y 



. By a direct calculation, we have 



' g/i_(a;-j/) 



(5.8) 



G^,xix,y) = < 



H-- n+ 



-, x>y, 



In this case, the projections are 



(5.9) 



n- 



and the solution operator of (5.3) is 

(5.10) ^l^'' = e^f^^-^') = e''-(^-2')n+ + e''+(^-S')n-, 

and hence the formula (2.5) is exactly the the same as (5.8). 
Similarly, we find G^^\{x,y) by setting 

\A{y)e>'-=' + B{y)e''+'', x>y, 



(5.11) 



G^,\{x,y) 



\c(y)e'*-^ + D{y)e^'+^, x<y. 



Wc need to find A(y), B(y), C(y) and D(y) which satisfy the periodicity 



G. 



^f '^ ) (1,2/) and the jump condition 
for each ^ G [— 7r,7r), 



e,A 



(o,y) 



€,A 
«,A 



By a direct calculation, we find 



(5.12) G^,A(x,y) = ^ 



(/x_-/x+)(l-e/^-) (/i_-/x+)(l-e/^+) 

g/i_(x-J/+l) g/i+(x-J/+l) 



U/i--)"+)(l-e^-) (/X--M+)(l-e'^+: 



, x>y, 



x<y. 
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To verify (2.6), we first check 

(/ - e^«)(-^ — n+ + — nr) = /. 

So 

M+ = (7 - j^-^y+y^ = (7 - e^«)-i = ^ ^ , n+ + -^L^nr, 

and 

Mr = -(7 - j:^->f+i)-ij^-^2/+i = — ^-^u+ - nr. 

This imphes (2.6) is exactfy the same as (5.12). 

Now let's show that 
(5.13) G^,x{x,y) = ^gi,x{x,y + j). 

We first consider the case of < y < x < 1. For j < 0, x > y + j, and for j > 1, 
X < y + j. Thus we have, by the geometric series, 

XI ^«,a(^> y + j) = X ^^A^' y + j) + Yl ^«>a(^' y + 

jez j<o i>i 



(5.14) /^--Z^+ro /^--/^+,it 



e ^+)^ 



+ 



(M--/x+)(l-e^^-) (M--/x+)(l-e-M+) 

^H-{x-y) ^ii.+ {x-y) 



(M--/x+)(l-e'^-) (/i_-/x+)(l-e'^+) 
= G^,A(a^,y)- 

Similarfy, we consider the case of < x < y < 1. For j < —1, x > y + j, and for j > 0, 
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x<y + j. 



Yl ^iM^' y + j)= XI y + j) + Y GiA^^ v + i) 

jez j<-i j>o 



pti-(x-y) piJ,+ (x-y) 

(5.15) f^--f^+f^, 

+ 



(Ai--^+)(l-e^-) (M_-//+)(l-e-'^+) 



(//_ -^+)(l-e^-) (M_-/x+)(l-eM+i) 
= G'g,A(2;,y). 

Thus, [G5,A(a;,y)] = X^?^,A(a;,y+j)> andso [^^(xjt;^)] = ^ ^^(x, y+ j) for all x, y 



6 Behavior of u for = Uxx + w^, g > 4 

In this section, we start with the nonlinear analysis of a perturbed heat equation as practice 
for our later analysis of ut = Lu + 0(|up) for the linear operator L of (1.2). We show the 
behavior of u satisfying ut = Uxx + u'^, 0" > 4 for three cases of initial data ("^0(2;) = u{x, 0)): 

(1) l«o|LinL°°) \xuo\i^i < Eo, 

(2) |no(a;)| < ^oe"^, 

(3) \uo{x)\ < Eo{l + \x\)-' , r > 2, 

where E'o > is sufficiently small and M > sufficiently large. It is very natural to consider 

(q-l) _, 

only g > 4 because for heat kernel k, u'^ ^ k'^ ^ t 2 k and ut, Uxx ^ t k implies that 
■^^2^ > 1 is the criterion that the nonlinear part be asymptotically negligible; see [SI, S2] 
for further discussion. 

6.1 Behavior for initial data |wo|LinL°°5 |a;wo|Li < Eo 
In this section, we take £^0 > sufficiently small and q > 4. 

Lemma 6.1. Suppose that u{x,t) satisfies ut = Uxx + u'^ o,nd |tfo|LinL°° ^ ^0, for Eq > 
sufficiently small and g > 4. Define 

C(i) := sup \u\lp{s){1 + s)^^^~p\ 

0<s<t,l<p<oo 

Then, for all t >0 for which ({t) is finite, some C > 0, 
(6.1) at)<C{Eo + C\t)). 
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Proof. Noting, because of g > 4, that 

\u\l^{s) < C(i)(l + and < I^^Ili < C\t){l + 

we obtain 



/oo pt poo 

k{x-y,t)uoiy)dy , + l / k{x - y,t - s)u'^{y,s)dyds 
-oo Jo J-oo 

<CEQ{l + t)~^^^^~^p^ + CC^{t) / (l + i-s)"5^^-|)(l + s)-5ds 

Jo 

<C{Eo + Q\t)){l + t)-"^^^-'v\ 
Rearranging, we obtain (6.1). □ 

Corollary 6.2. Suppose that u{x,t) satisfies ut = Uxx + u"^ and |^io|Ll^L°° ^ ^o, for Eq > 
sufficiently small and g > 4. Then 

(6.2) \u{x,t)\LP^^)<CEo{l + t)-'^^'--^\ 

Proof. Recalling that ("(t) is continuous so long as it remains finite, it follows by continuous 

4 

induction that ("(t) < 2CEq for alH > provided Eq < (2^) ^ and (as holds without loss of 
generality) C > 1, and hence (6.1) implies (6.2). □ 

Lemma 6.3. Let u{x,t) satisfy ut = Uxx + u'^ and |iio|LinL°°? I^^'^oIli ^ -^o- Define 

C{t):= sup |x'u(x,s)|ii(3.)(l + s)~i 

0<s<t 

Then, for all t >0 for which ({t) is finite, some C > 0, 

(6.3) at)<c{Eo+e{t)). 

Proof. Noting, by (6.2) and g > 4, that 
\xui{x,t)\Li^x) < \u''-Hx,t)\L^\xu{x,t)\Li < CEoC(t)(l + 0"^+^ < C£;oC(i)(l + *)"', 
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we obtain the estimate 

\xu{x,t)\Li(x) 



< 



< 



'uo{y)dy 



+ 



e t-" u'^ {y , s)dyds 

J -oo vt — s 



X — y \x-yr 



y \x-y\^ 



uo{y))dy 



+ 




LHx) 

2 



* '''^ x-y l^-yl'^ „, , y l^-vl „, , , , 
e u^{y,s)-\ — e u^{y,s)ayas 



10 J-oo Vt- S ' ^/t — S 

"t 



<C (^{l+t)^\uo\Ll +\xUo\li) (^{1 + t - s)^u''{x,s)\l1 + IxU^ix, 3)1^1^8 

<CEo{l + t)^ +CEo f (l + i-s)5(l + s)-ids + C^oC(*) / {l + s)-^ds 
Jo Jo 

<C{Eo + e{t)){l + t)l 
Rearranging, we obtain (6.3). 

□ 

Corollary 6.4. Let u{x,t) satisfy ut = Uxx + u'^ and \uo\]^ipiLoo , \xuq\ii < Eq, for Eq> Q 

sufficiently small, and g > 4. Then 



(6.4) 



\xu{x,t)\Li <CEQ{l + t)^, for all t>0. 



Proof. Recalling that C(t) is continuous so long as it remains finite, it follows by continuous 
induction that ({t) < 2CEq for all t > provided Eq < and (as holds without loss of 
generality) C > 1, and hence (6.3) implies (6.4). □ 

Lemma 6.5. Suppose that u{x,t) solves Uf = Uxx and |uo|LinL°°; la^^olii < Eq. Then 

(6.5) 



\u{x,t)-Uok{x,t)\L,(x)<CEo{\ + t) ^ 



where Uq : 



uo{x)dx and k{x,t)- 



1 



-.e 4t . 



Proof. Setting e{x,t) := u{x,t) — Uok{x,t), we have 

/oo 
eo(x)dx = 0, 
-oo 

so that, for any t > 0, 



'{x,t)\LP{x) 



(6.6) 



— oo 
oo 



LP{x) 



k{x - y,t)eo{y)dy 

/oo 
\k{x - y,t)\Lp^x)\uo{y)\dy + \Uo\\k{x,t)\Lp(., 
-oo 



<2{l + t) P\uo\l^. 
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For t < 1, a/2(1 + > 1, and hence, (6.6) implies 

\u{x,t) - Uok{x,t)\LP^:c) < 2(1 + 0"^^^"^Vo|li < 2V2Eo{l + 
Now we consider the case of t > 1. Noting, by the Mean Value Theorem, that 

\k{x -y,t)- A;(x,t)|ip(j.) < \y\ [ \ka:{x - wy,t)\Lp(^r,)dw < Ct~^^^~p^~^\y\, 

Jo 

we obtain 

/oo 
IH^ -y)- Kx,'t)\Lv[x)\uQ{y)\dy 
-oo 

1 11 
<Cr5(i-p)-2 / \y\\uo{y)\dy 

J — oo 

□ 

Lemma 6.6. Suppose u{x,t) satisfies Ut = u^x + u*^ and |ito|LinL°°; I^JI^oIli ^ -^o? for 
Eq > sufficiently small and g > 4. Then 

(6.7) 

/OO 1 1 \ 1 

k{x -y,t- s)u'^{y,s)dy - U{s)k{x,t- s) < CEo{l + 1 - s)"2^^"p^"5(l + s)-\ 
-oo ^^{^) 

/oo 
u'^{y, s)dy. 
-oo 

Proof. Noting first, by (6.2) and (6.4), that 

|xu«(x,t)|ii(^) < |u«-^|ioc(^)|xu(x,t)|ii(^) <C£;o(l + t)"^(l + 0^ <C^o(l + i)"\ 
we have 

/oo 
k{x -y,t- s)u'^{y, s)dy - U {s)k{x, t - s) 
-oo ^^y^) 

/oo 
\k{x -y,t-s)- k{x,t- s)\LP(a:)\u'^iy,s)\dy 

< \kx{x - y* ,t - s)\LP(^^)\yu'' {y, s)\L^y) 

< CEo{l + 1 - sy^^^~p^~^l + s)-^ . 

□ 
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Theorem 6.7 (Behavior). Suppose u{x,t) satisfies ut = Uxx + u"^ and |tio|LinL°°; I^^^oIli < 
Eq, for Eq > sufficiently small and g > 4. Set 

U^= I U{s)ds + Uo = / / u'^{y,s)dyds + / uo{y)dy. 

JO Jo J -oo J-oo 

Then |[/*| < oo and 

(6.9) \u{x, t) - U^k{x, i)lLP(x) < C'll + ty^^^-p^'Hl + ln(l + t)). 
Proof. Noting first, by (6.2) and g > 4, that 

(6.10) \Uis)\ = \u1\li = \u\l, < CEoil + s)-i, 
we obtain 

f°° 3 

\U4<CEo {l + s)-2 +\uo\l, <oo. 
Jo 

Now we break \u{x,t) — U*k{x,t)\Lp(^x) into four parts. 



k{x - y, t)uo{y)dy - / k{x, t)uo{y)dy 

oo J —oo 

poo 

+ \Uis)\\k{x,t)\L,^x)ds 

rt roo 

+ / k{x — y,t — s)u^{y,s)dy — k{x,t — s)U{s) 

Jo J -co 

f \Uis)\\k{x,t - s) - k{x,t)\LpMds 
Jo 



LP{x) 



ds 



+ 

= 1 + 11 + 111 + IV. 



By (6.5), we already have / < CEo{l + t) p' ^. By (6.10), 

II <CEo{l+ty^^^~p^ {l + s)-Us < CEo{l+ty^^^~p^~^, 
By (6.7), we have 



'■ds 



III < CEo / (1 + s)-\l + 1 - s)-^(i-i)-| 
Jo 

1 11 111 
<CEQ{l + ty^^^~p^~^ {l + s)-^ds + CEo{l + t)-^ (l + t-s)"2^^"p^"2 

Jo Jt/2 

< CEo{l + i)~5(i-|)-5(i + in(l + t)). 



^ds 
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By (6.10) and by the Mean Value Theorem, for some s* G (0, t/2), we have 
IV<CEo [ {1 + s)~^k{x,t- s) - k{x,t)\Lp(^j.)ds 

Jt/2 

+ CEo (1 + s) 2s\kt{x,t-s*)\Lv(xi)ds 
Jo 

<CEoil + ty^^^~p^ [ {l + s)-'Us + CEo{l + ty^^^^-p^-^ [ {l + s)-^^ds 

Jt/2 Jo 

< cEo{i + ty^^^~^^~^. 

□ 



\x\ 

6.2 Behavior for initial data |^^o(a^)| < Eqc ^ 

In this section, we take > sufficiently small, M > 1 sufficiently large and g > 4. We 
start with the following lemma which is a very useful calculation for following sections. 



Lemma 6.8. For all < s < t, 

(6.11) / (t- s)"te"^(«^s"te"^dj/ < i"te" 



1 \^-y\'^ 1 



Proof. Noting first that 



x-y\\ \y? _ six'' - 2xy + y2) + {t- s)y' _ t{y - + sx^^^ 



t — s s s{t — s) s{t — s 

we obtain 



/ (t — s) 2e ('-") s 2e s dy<e * / (i — s) 25 2e dy < t -^e t . 

J —00 J —00 

□ 

|:r|2 

Lemma 6.9. Suppose u{x,t) satisfies ut = Uxx + and \uo{x)\ < Eqb m ^ for Eq > 
sufficiently small and g > 4. Define 

1 ^ 

C(t) := sup \u{x,s)\{l + s)2eJ^(i+-), 

0<s<t,xt^R 

with M > sufficiently large. Then, for all t >0 for which ({t) is finite, 
(6.12) at)<C{Eo + C\t)). 
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1 |x|' 

Proof. By \ui\ = \u'i-'^\L'^\u^\ < C^(t)(l + + s)"2e and (6.11), we obtain 

\u{x,t)\ 

/oo ft poo 

k{x-y,t)\uQ{y)\dy+ / A:(x - y, t - s)|n^(j/, s)|dyds 
-oo ^0 J —oo 

<CEo r^e ~e~~dy + CC (t) / - s)"2e (1 + s)"2e '^i^+'>)dyds 

J —oo Jo J —oo 

< C£;oe"W+t)(M + i)-i +CC^(t)(l + t)-ie~W+ty /" (l + s)-ids 

Rearranging, we have (6.12). □ 

Corollary 6.10. Suppose u{x,t) satisfies ut = u^x + u'^ and \uq{x)\ < Eqc m ^ for Eq > 
sufficiently small, M > sufficiently large, and g > 4. Then 

(6.13) \u{x, t)\ < CEq(1 + tyh"^^^ 

Proof. Same proof as Corollary 6.2. □ 

Lemma 6.11. Suppose u{x,t) satisfies ut = Uxx + u"^ and \uo{x)\ < Eqc m ^ for E'o > 
sufficiently small, M > sufficiently large, and g > 4. Then for M' > M, 

(6.14) \xu{x,t)\ < C£;oe"^'(i+*). 

Proof Notice first that |x|e-l^l^ < Ce-l^lV^ for r > 1. Then by (6.13), we have 

1 __l£i!_ 1^1^ 

\xu{x,t)\ <CEo\x\{l + t)~2e M(i+t) <CEoe . 

□ 

Lemma 6.12. Suppose u{x,t) satisfies ut = Uxx and \uo{x)\ < Eqc m , for Eq > 
sufficiently small, M > sufficiently large, and g > 4. Then for some sufficiently large 
M" > M' > M, 

(6.15) \u{x,t) -Uok{x,t)\ <CEo{l + t)-^e 

/•°° 1 __Ni , 

where Uq = uo{y)dy and k{x,t) = (1 + t)~2e . (Note: \Uo\ < EqVM ) 

J —oo 
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Proof. Noting, by the Mean Value Theorem, that 



we obtain 



\k{x -y,t) -k{x,t)\<\y\ / \k^{x - wy ,t)\dw 

Jo 

/oo 
\k{x -y,t) - k{x,t)\\uo{y)\dy 
-oo 



< Eo 



oo /■! 



00 Jo 

1 /•oo 




J-oo 



_3 \x-wy\ 

(1 + 1) 2\x — wy\e (^+*) \y\e m dwdy 

\x-wy\'^ |^|2 

(l + t) M'(i+t) e'^dydw 



< CEo{l + t)~^e M"(i+t), 



□ 



Lemma 6.13. Suppose u{x,t) satisfies ut = Uxx + u'^ and \uo{x)\ < E^e m ^ for Eq > 
sufficiently small, M > sufficiently large, and q > 4:. Then for some sufficiently large 
M" > M' > M, 



(6.16) I / k{x-y,t-s)u'i{y,s)dy-U{s)k{x,t-s) < Eo{l + t- s)~^{l + s)~^e M"(,i+t) ^ 

J —oo 

/oo 
u'^{y, s)dy. 
-oo 

Proof. Noting first that by g > 4, 

\xu'i{x,s)\ < \uP~^\l-o\xu{x,s)\ < CEo{l + s)~^e m'(i+s) ^ 
we have, by (6.11) 

/oo 
k{x — y,t — s)u'^{y, s)dy — U {s)k{x, t — s) 
-oo 

/oo 
\k{x-y,t-s)- k{x, t - s)| |n«(y, s)\dy 
-oo 

°° /■! _3 \x-v^y\'^ 

/ {l + t — s) ■2\x — wy\e ('^+*-''^ \yu'^{y,s)\dwdy 
-oo Jo 



< Eo 



1 /•oo 



< En 




3 Ix-wyl^ _ 

{l + t- s)~^{l + s)~2e M'(i+t-.)e 'mx+s)dydw 



J-oo 



<CEo{l + t- s)-\l + sy'e M"(i+t)_ 



□ 
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Theorem 6.14 (Behavior). Suppose u{x,t) satisfies Uf = u^x + u'^ and \uo{x)\ < Eqs m ^ 
for Eq > sufficiently small, M > sufficiently large, and g > 4. Set 

poo poo poo poo 

[/* = / U{s)ds + Uo = / / u'^{y,s)dyds + / uo{y)dy. 

Jo Jo J-oo J-oo 

Then | | < oo and for some sufficiently large M" > M' > M, 

(6.17) \u{x,t)-U^k{x,t)\ < Eo{l+t)-^e~^^''(^){l + hi{l + t)). 
Proof Recalling (6.2) and q>4, \U{s)\ < CEo{l + s)"! and so 

f°° 3 

|f7*| < CEo / (1 + s)~^ds + \uo\li < oo. 
Jo 

Now we break \u{x,t) — C/*A;(x,t)| into four parts like (6.11). Then 

(6.18) II <CEQ{l + t)-^e~(^ J (1 + s)- 2 ds < CEq{1 + t)-^e' . 
By (6.16), we have 



III<CEoe 2M'a+*) f (^i + t-s)-^{l + s)~^ds 
(6.19) •''0 



\x\ 

< CEq{1 + i)-ie"A^"(i+*) ln(l + t). 



3 

By \U{s)\ < CEo{l + s)~2 and by the Mean Value Theorem, we have, for some s* G (0,t/2), 

IV < f \U{s)\\k{x,t-s)-k{x,t)\ds 
Jo 

f-t g ^ |^|2 ^ j^|2 

< C£;o / (l + s)-2 (l + i-s)-2e"a+^^ + (l + i)-2e"IT+tT ds 
Jt/2 L -I 

+ CEo / (l + s)-2|s||A;t(x,i-s*)|ds 
(6.20) •''0 

3 __ML /■* 1 1 _ NL /■* 3 

<£;o(l + t)~2e ^ / (l + i-s)~2ds + £;o(i + t)-2e ir+tj / (i + s)-2ds 
+ £;oe (1+*) / (l + s)~2(l + i-s*)~2ds 

^0 



1^1 

< £;o(l + i)"^e"^"(i+*). 
By (6. 15) and (6.18)-(6.20), we have (6.17). □ 
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6.3 Behavior for initial data \vq{x)\ < Eo{l + r > 2 

In this section, we take > sufficiently small, M > 1 sufficiently large and g > 4. We 
start with the following two lemmas. 

Lemma 6.15. For all t > 0, x eM. and r > 1, 

r 26-^(1 + Iviydy <C t-2A{l + \y\)-^ + (1 + Vt)-'e-w . 

-oo 

Proof. We need only consider / t * (l + |y|) ''dy by symmetry. 

Jo 

Notice first that 

r{l + \y\)-rdy<J—<^. 
Jo r — i 

If a; = 0, it is trivial, from 

r t-h-^ (1 + \y\)-'dy < C{1 + Vi)-\ 
Jo 

For a; 7^ 0, we break the integration into two parts 

/ t-^e--^{l + \y\)-'dy= +/ =1 + 11 

Jo Jo J\x\/2 

For the first integral /, if t < 1, we have 

/"l^l/^ 1 \x-y\'^ \x\ \x\^ \x\^ r- 1 

/ t-2e- * (1 + \y\)-''dy < C^e't < Ce'^ < C(l + Viy^e'^, 
Jo yt 

and if f > 1, we have 

/•|a;|/2 , I _ |2 I ,2 r\x\/2 

/ r2e-'^(l + M)-'-dy<C(l + VtrVw / {l + \y\)--dy 
Jo Jo 

For the second integral //, we have 

/ i-2e-^(l + \y\)-'dy < / (1 + \y\)-'dy < 2, 

J\x\/2 J\x\/2 



or 



I _ |2 /"OO I _ |2 

/ t-2e-^^{l + \y\)-''dy <{l + \x\y r^e'^^ dy < C{1 + \x\y . 

J\x\/2 J\x\/2 

□ 
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Mt 



Corollary 6.16. For all t > 0, x eR and r > 1, 

r 2e-^(l + \y\)-'dy <C {l + \x\ + Vt)-' + (1 + Vi)-^e 

-oo 

Proof. By (6.21), it is enough to show that for all x > and t>0, and any r > 1 

t-i A (1 + \x\y < c[(i + |x| + Vty + (1 + Viy'^e 

For t < 1, we have 

r5 A (1 + = (1 + < C(l + |x| + 1)-^ < C(l + |x| + Vi)-^ 

r _J_ 
For t > 1 and |a;| < vi, we have e Mt > e m > 0, and 



Ml 

Mt 



SO 



For t > 1 and Ixl > v^, 



r 2 A (1 + |a;|)-'' < C(l + i)-2e- 



and so 



A (1 + = (1 + < C(l + |x| + |ar|)-'^ < C(l + + Vi)' 



□ 



Lemma 6.17. Suppose u{x,t) satisfies ut = Uxx + u*^ and \uq{x)\ < Eo{l + ^, r > 1, 
for Eq > sufficiently small, M > 1 sufficiently large, and g > 4. Define 

r 1 __i£i!_i-i 

C(i) := sup \u{x, s)\ (1 + \x\ + ^/s)-'' + (1 + V^)" e ^(1+'') 
0<s<t,xeM L 

T/ien /or all t < for which ({t) is finite, some C > 0, 
(6.23) at)<CiEo + C\t)). 

Proof. By Duhamcrs formula, we have 



/oo rt rco 

k{x - y,t)\uQ{y)\dy + / A;(a; - y, t - s)|n«(7/, s)|dyds = 
-00 Jo J— 00 



I + 11. 
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By (6.22), we already have / < CEq (1 + |x| + y/ly + (1 + VtY^e W+tJ 
II into three parts. Recalling (6.2) and g > 4, \vP~'^\l°° < (1 + s)~^, we have 



Now we break 



t fOO 



II < I / {t- s)-2e~^^\vP-\oo\u^{y,s)\dyds 

Jo J-oo 

ft fOO , \x-y\'^ 

<Cit) / il + s)-\t-s)-^e-^^{l + \y\ + y/^)-^'dyds 

Jo J-oo 

+ C^(i) / / il + sy\t-sy2e ~(t^{l + ^)-^e ^T^dyds 

Jo J-oo 

+ C^{t) / (l + s)~\t-s)-2e (*-^) {l + \y\ + ^/sy{l + ^/s)-'^e ^(^+^)dyds 
Jo J-oo 

= /' + //' + III' 

Sine ///' < CII', we need only estimate the two parts /' and //'. Recalling (6.11), we have 



Jo 



Ml 



1 _l£^ 

(i-s)"2e e M'-^+'^dyds 

oo 
2 rt 



^ds 



II' < at) I a + s 

<C'^{t){l + Vi)-^e'^^ f (l + s)-2(l + s)i 

Jo 

|a;|2 

< C^(t)(l + \/t)~^e~W+t) . 
By (6.22), we break /' into two parts, 

I' = e{t) / / {l + sr\t-s)-^e-^{l + \y\ + ./-sn^ + \y\ + V~sr'dyds 

Jo J-oo 

ft fOO \x-y\'^ 

< C\t) / (1 + s)-\l + V^)-' / {t - s)--2e-^{l + \y\)-'dyds 

Jo J-oo 



10 

t" I T t" 



ds 



= r + //" 

Now we estimate /" and II", 



I" < CC\t) Ul + \x\ + Viy 



t/2 



(1 + v^y'-^ds + (1 + ixi)-'- r (1 + v^)- 

Jt/2 



-r-2 



< CC2(t)(l + |x| + Viy + CC\t) [(1 + |x|)(l + Vi) 

<cc\t){i + \x\ + Vty, 
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and 



JJ" < CC^(t)e-^ / {l + ^s)-'-'^{l + y/t^s)-^ds 
Jo 

< CC'(t)e-^ [(1 + ^ft)-^ / (1 + ^/^y^ds + (1 + Vt)-'"-' / (1 + Vt^y 

L Jo Jt/2 



□ 



Corollary 6.18. Suppose u{x,t) satisfies ut = Uxx + u'^ o,nd \uq{x)\ < Eo(l + \x\) r > 1, 
for Eq > sufficiently small, M > 1 sufficiently large, and g > 4. Then for all t > and 
xeR 

(6.24) \u{x,t)\<CEo\{l + \x\ + Vt)~'' + {l + Vt)-'^e''^^) . 

Proof. Same proof as for Corollary 6.2. □ 
Lemma 6.19. For all t > 0, x eR, r > 1 and allO <w <1, 

(6.25) / {l + t)-2e ^(i+')(l + |y|)-''dy<C (l + |x| + Vi)"'' + (l + t)"2e ^^^W^y 

J —oo 

for some sufficiently large M' > M. 

Proof. We first consider the case of \x\ < \/l + t which implies e *f(i+t) > e~M. Then 

/ (l + t)-5e-WW(l + |y|)l-'^dy< (l + t)-2 / (1 + lyDl-'-dy 
J —oo J —oo 

< c{i + t)-^ 

1 __n!_ 

< C(l + i)~2e M(i+t). 



For the case of \x\ > \/l + 1, we break the integration into two parts. 

/ (l + t)~2e ^(1+*) (1 + |y|)-''dy = / (l + i)-2e M(i+t) / i + li^ 

J —oo J —oo \ ^ J ^ 



r\x\/2 POO 

/ +/ =/ + //. 

Jo J\x\/2 



-1x1/2 POO 
'\x\/2 

For part /, we have 

I<(l + t)~^e 4^(1+*) / 1 + ^ -dy <C(l + t)~2e 4M(i+t) . 

7o V w J w 
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For part II, we have 

ItI 1 1"°° 1 l^-al^ ItI 1 

// < Cil + ^)-'-- / (1 + t)-2e~^^dy < C(l + ^)-'--. 

W W J\^\/2 W W 

Define a function 

f{w)=(l+ '"^ 



(r — y f/; 



X 



We easily sliow that /(I) = H and f{w) is increasing for |x| > 1 which implies 

that if |a;| > ^/l + t > 1, for all < w < 1, we have 

n < cf{w) < c/(i) < c(i + \x\)-'. 



□ 



Lemma 6.20. For all t > s > Q, x e^, r > I and all < w < 1, 

f°° 1 \x-wy\^ ^ 

/ (l+t-s)~2e Mi^+t-'>){l + \y\+^/s)~''dy 
J —oo 



(6.26) 



< C 



(r-l) 1^1^ 



(1 + |x| + Vi- s + a/s)"'' + (1 + t - s)~2 (1 + s) 2-e A^'(i+t) 



/or some sufficiently large M' > M. 



Proof. We consider first the case of < vT+T which implies e W+tT > e ^ , and so 
(1 + i - s)-2e M(i+*-.) (1 + |y| + ^ydy <{l + t- s)-2 / (1 + |y| + V^^dy 

-oo J —oo 

<C(l + t-s)-5(l + V^)-^+i 

< C(l + t-s)-^(l + Vs)"''+^e"W+t). 

For the case of > ^/l + t, we separate the integration into two parts. 

\ (l + i-s)"2e ^(1+*-") (1 + |y| + 

— oo 

/•°° , ,1 l^-^l" / \y\ A"'' 1 , 

= / (l+t-s)"2e A^(l+t-s) 1 + 1^ + ^ 

/•|a;|/2 /.c 
= / + / 



'•|a;|/2 /.oo 

= / + //. 

'|x|/2 
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For J, we have 

1 1^=1^ r\x\l2 / 11 I 

I < (l + i-s)-2e 4M(i+t-.) / 1+1^ + ^ _(iy 

Jo \ w J w 

< C{1 + t - s)-^l + ^/sy^+'^e'~^^'0^ . 

For II, we have 

Irl 1 1 \x-y\^ ItI 1 

/I < C(l + ^ + y/^)-'- / (1 + i - s)- 2 e" < C(l + ^ + V^)-"-. 



Since |x| > \/l + t > y/t — s, 



77 < C(l + ^ + v^)-'-! < C(l + + + Vi)-'--. 

U) w w w 



Define a function 



/H= 1 + — - — + vs] -. 

[r — l)w J w 



/ 2(1x1 + y/t^) \^ 

Then /(I) = ( 1 H -r h y/s and / is increasing. Indeed, 

V [r-l) ) 

\ (r — \)w J 

Since |x| > \/l + 1, |x| > 1 and |x| > -y/s, that is, f'{w) > O.Thus if \x\ > \J\ + i, for ah 
< w; < 1, we have 



// < C/H < C/(l) < C(l + |x| + Vs)"''. 

□ 

Lemma 6.21. Suppose u{x,t) satisfies that ut = Uxx o,nd \uq{x)\ < Eo{l + \x\)~'^' , r > 2, for 
Eq > sufficiently small, M > 1 sufficiently large, and g > 4. Then for some sufficiently 
large M' > M, 

r 1 _ l£i!_ 

(6.27) \u{x,t)-Uok{x,t)\<CEo {l + ty^il + lxl + Viy+^ + il + ty^e ^^"(1+^ 

where Uq = uo{y)dy and k{x,t) = {1 + t) 2e . 

J —oo 
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Proof. By the Mean Value Theorem, (6.25) and r — 1 > 1, we have 
\u{x,t) — Uok{x.,t)\ 

/oo 
/ \k^{x-wyMy\{^ + \y\)~"dwdy 
-oo Jo 

'2 



<CEo{l + t)-^2 I I (l + t)-2e~WW(l + |y|)-'-+MycZi(; 

'0 J-oo 

,|2 



< CEq 



(1 + t)-^{l + |x| + + (1 + t)-^e ^'(1+*) 



□ 



Lemma 6.22. Suppose u{x,t) satisfies that ut = Uxx + 'u'^ o,nd \uq{x)\ < Eq(1 + Ixl)^*^', 
r > 2, for Eq > sufficiently small, M > 1 sufficiently large, and g > 4. Then for some 
sufficiently large M" > M' > M, 

(6.28) 

/oo 
k{x — y,t — s)u'^{y, s)ds — U {s)k{x, t — s) 
-oo 



< CEo{l + s)-^ \{l+t- s)-^ (1 + \y\ + Vt^ + v^)-2'-+i + {l + t- s)-^e a+t) 



/oo ^ 
it'^(y, s)(iy and k{x, t) = {1 + t)~2 
-oo 

Proof Noting, by (6.24) and g > 4, that 



2 6 (i+t) . 



\yui{y, s)\ = \uP-^\\yu^{y, s)\ < CEo{l + s)-' [(1 + \y\ + V^)-2'-+i + (1 + syh'^ 
we obtain, by Mean Value Theorem again and by (6.26), 



/oo 
k{x — y,t — s)u'^{y, s)ds — U {s)k{x, t — s) 
-oo 

/•I fOO __\x-wyf_ 

< I I (1 + t-s)" e ^(^+*-'')\yu'i{y,s)\dydw 

Jo J-oo 

fl r°° \x-wy\'^ 

<CEo / (l+i-s)-Vw+t=^(l + s)-i(l + |y| + ^)-2'-+ic/yrf 

Jo J-oo 

+ CEq / / {l + t-sy^e ^(i+*-=)(l + s)"2e m'O^) dydw 

Jo J-oo 

< CEo{l + t - S)-^(1 + S)-^{1 + \x\ + Vt^S + V^)^2r+1 



+ CEq 



{l + t- s)-^{l + sy^e ^^"^ + {l + t-s)-^{l + s)-^e 



< CEo(l + s)-^ f(l + i - s)-^(l + |y| + + V^)"^"+^ + (1 + t - s)"^e ^^^^ 



(6.29) 

< CEq 
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□ 

Theorem 6.23 (Behavior). Suppose u{x,t) satisfies Uf = u^x + and |«o(y)| < Eq{1 + 
|a;|)~'', r > 2, for Eq > sufficiently small, M > 1 sufficiently large, and g > 4. Set 

poo pco poo poo 

= U{s)ds + Uo = / / u'^{y,s)dyds + / uo{y)dy. 

Jo Jo J-oo J-oo 

Then, \U^\ < oo and for some sufficiently large M" > M' > M, 
\u{x, t) — U^k{x, t)\ 

(1 + t)-^ (1 + |x| + Viy^^ + (1 + t)-ie~J>^'''a+*)(l + ln(l + t)) . 

Proof Recalling (6.2) and q>4, \U{s)\ < CEo{l + s)"! and so 

POD 

\U^\ < CEq / (1 + sy^ds + |mo|li < oo. 
Jo 

Now we break \u{x,t) — U:^k{x,t)\ into four parts like (6.11). Then we have 

(6.30) II <CEo{l + t)-2e Tmj j {1 + s)-2ds < CEo{l + t)-^e T^+tJ . 

By (6.28), we have 

III < CEq [ {1 + t- s)--2{l + s)-\l + \x\ + Vt^+^/I)-^'^-^^ds 
Jo 

+ CEo I (1 + t - s)-^(l + s)-^e~^'''"i+*)ds 
Jo 

< CEo{l + \x\ + Vi)"^"+^ / (1 + 1 - s)-^ (1 + s)-^ds 

Jo 

+ CEoe~ ^""(1+*) [ {1 + t- s)-^{l + s)-^ds 
Jo 

< CEq [(1 + i)-5(l + |a;| + ^^t)~'^^'^ + (1 + t)-ie"^'''a+*) ln(l + t) . 

3 

Since \U{s)\ < CEq{1 + s)~2 ^ IV is exactly the same as (6.20) which is 

(6.31) IV < CEoil + t)-^e~ . 
By (6.27) and (6.30)-(6.31), we obtain (6.29). 

□ 
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7 Behavior of perturbations of (1.1) 

Let u(x, t) be a solution of the system of reaction-diffusion equations 

(7.1) Ut = Uxx + /(«) + CUx 

and let u{x) be a stationary solution and define perturbations 

(7.2) u{x,t) = u{x,t) — u{x) and v{x,t) = u{x + 'il>{x,t),t) — u{x), 

for some unknown functions il){x,t) : — > M to be determined later. 
Plugging u(x,t) = u{x,t) — u{x) in (7.1), we have 

(7.3) ut = Lu + Oi\u\'^), 

where L is the linear operator of (1.2). 

In this section, using v{x,t) and the linearized estimates of L we have done in Section 4, 
we show the behavior of u satisfying (7.3) similarly as in Section 6 for three cases of initial 
conditions: 

(1) l^^olLin^i, \xuo\li^ < Eq, 

(2) |no(x)| < ^oe-^, 

(3) |uo(x)| <£;o(l + |a;|)-",r> 1, 

whereE'o > sufficiently small and M > sufficiently large. 

By Theorem 1.2, the Green function G{x,t;y) for the linear equation ut = Lu satisfies 
the estimates: 

G{x, t; y) = -^=e-^^^^v!{x)q{y, 0) + 0((1 + t)-^ + r ^e-^*)e-^^w^ , 

Gy{x,t;y) = -j==e 46* u' {x)q{y,0) + 0{t Mt , 

for some sufficiently large constant M > and rj > 0. First off, let x(^) be a smooth cut off 
function defined for t > such that x(t) = for < t < 1 and x(t) = 1 for i > 2 and define 

(7.4) E{x,t;y) ■.= u'{x)e{x,t;y), 
where 

X \x — y — at\'^ 

e{x,t;y) = ■^—^==e q{y,0)x{t). 

Now we set 

G{x,t;y) = E{x,t;y) + G{x,t;y) and Gy{x,t;y) = E{x,t;y) + Gy{x,t;y), 



where 



\G{x,t;y)\ <C{l + t)-ir^e~" Mt"' and \Gy{x,t]y)\ < Ci~^e~'' m*"*' . 
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Lemma 7.1 (Nonlinear perturbation equations, [JZ2]). For v defined in (7.2), we have 

(7.5) {dt - L)v = (dt - L)u'{x)i, + Q + R^-{dl + dt)S + T, 

where 

(7.6) Q := f{v{x, t) + u{x)) - f{u{x)) - df{u{x))v = 0{\v\''), 

(7.7) R := vipt - vijjxx + {ux + Vx) ^ 



(7.8) S:=vi;, = 0{\vU,\), 
and 

(7.9) T := {f{v + u)- f{u)) = 0(|«||^.|). 

Proof. Direct computation; see [JZ2]. □ 
7.1 Integral representation and ^/;-evolution scheme 

We now recall the nonlinear iteration scheme of [JZ2]. Using (7.5) and applying Duhamel's 
principle and setting 



(7.10) N{x, t) = {Q + R^- {di + dt)S + T){x, t), 

we obtain the integral representation 

G{x,t-y)vo{y)dy + / G{x,t - s;y)N{y,s)dyds. 

oo Jo J — oo 

for the nonlinear perturbation v. Defining ip implicitly by 

/oo ft fOO 

e{x,t-y)vo{y)dy - / e{x,t - s-y)N{y,s)dyds, 
-OO Jo J — oo 

we obtain the integral representation 

/oo /'OO 
Gix,t-y)vo{y)dy+ / / G{x,t - s;y)N{y, s)dyds. 
-oo ^0 J — oo 

Differentiating and using e{x,t;y) = for < t < 1 we obtain 

/oo ft fOO 

d^d^^eix, t- y)vody - / / d^d^'eix, t - s; y)N{y, s)dyds. 
-oo Jq J—oo 

Together, (7.12) and (7.13) form a complete system in (v, d^^i/j^d^^), 0<k<l,0< m < 2, 
that is, V and derivatives of ^, from solutions of which we may afterward recover the shift 
function by integration in x, completing the description of u. 
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7.2 Behavior for initial perturbation |wo|Linifi, k^^olii sufficiently small 



Theorem 7.2 (Nonlinear stability, [JZ2]). Letv{x,t) andu{x,t) be defined as in (7.2) and 

\uo{x)\ = |vo(a^)|Lini?i(iR) < -^o sufficiently small. Then for allt>0 and p> 1 we have the 
estimates 



(714) 



H;t)\LPiR){t) < CEoil + t)-'^^'-'^^-'^ 
H;t)\LPim)it), |V'(-,t)|Lp(R)(i) < CEo{l + t)-^^^-p^ 

H;t)\HKmit), \iiJt,ilj^){;t)\HKmit) < CEo{l + 1)~'^ . 



(Note: This is proved in [JZ2] for p > 2. For p = 1, we use the integration by part 
of (7.11) and (7.12) and use \{Q, R, S,T)\li < \{v,ipx,'^Pt)\%i < CEo{l + t)-^ to prove 
\v{;t)\Li <CEoil + t)-^ and\i^i-,t)\Li < CEq.) 

Lemma 7.3. For E defined as in (7.4) and |ito|Lini?i; I^^^oIli < -^O; we have 



/oo 
E{x, t; y)uoiy)dy - Uou{x)k{x, t) 
-oo 

f°° - 1 

Uo= uo{y)q{y,0)dy and k{x,t) = -y= 

J-oo V47 



LP{x) 



<CEo{l + t)-^^^-v^-'^, 



where 

Proof. By the Mean Value Theorem, 



e . 



E{x, t; y)uQ{y)dy - Uou'{x)k{x, t) 



LP{x) 



/oo pi 
-oo Jo 

< cEo{i + ty^^^~p^~^. 



X - wy,t)\LP{x)\yuo{y)\dwdy 



□ 



Lemma 7.4. Associated with the solution (ujiptjipx^i^xx) of integral system (7.12)-(7.13), 
we define 



(716) 



C{t) := sup \{x - as){v,ipt,ipx,'ipxx)\Li(x){s) 

0<s<t 



Then for all t > for which C^{t) is sufficiently small, we have the estimate 
(717) C{t)<C{Eo + e{t)) 

for some constant C > 0, as long as |fo|Lini?ij I^JI'oIli < ^o, for Eq > sufficiently small. 
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Proof. To begin, notice first that 

\{y-as)iQ + T + R + S){y,s)\Li^y) 
<\{y- as){v^ + V-t' + + i^ly)\L^iy) 

< {\v\l'>^ + \ll^t\L'^ + \'<Px\l'=° + \'<Pxx\l<^)\{x - as){v,1pt,1px,'<Pxx)\L^ix) 

<CEo{l + t)-\{t), 

and 

(7.18) \{Q + T + R + S){y,s)\L,^y) < \{v' + + + ^^J^.^^^ < (l + s)"!. 

By the integration by part, we have 



{x - at)v{x,t)\L^^ 



, N /-, x_i _i \x-at-y\ 

- at — y){l + t) 2t 2e m* 



y{l+t)-^t-^e- — 

-OO 



-OO 

ft /•OO 



\voiy)\dy 



\My)\dy 



+ 



+ 



+ 



+ 



/ / {x - at - {y - as)){l + t - s)~2{t - s)~2e mj^^ 

Jo J-oo 



t roo 



^-oo 

t fOO 



\x — a(t—s)—y\ 



(1 + i - s)"2(t - s)-2e Mi,t-s) 



J-oo 

t /-OO 



Ll(z) 



Ix — g(t — s)-3/| 



\{y-as){Q + T)\dyds 



(x-ai- (y-as))(i-s)~^e ^fc*-.) 




a;-cHl -.s)-y|- 



/O J-oo 

< \vo\L-^ + il + t)-^\yvo\Li 



L^x) 



\{y-as){R + S)\dyds 



R + S\dyds 



+ [ \{Q + R + S + T)\Lids+ [ {l + t-s)-^{y-as){Q + R + S + T)\Lids 
Jo Jo 

ft ft 

<CEo + C{l + t)-^Eo + CEo / {l + s)-hs + CEoC{t) / {t - s^^l + s)-^ds 

Jo Jo 

1 /■* 1 

<CEo + C{l + t)-2Eo + CEoC{t) / (l + t-s)-2(l + s)-ids 

< CEo + CEoil + ty^ + C^oCW(l + *)"^ 

<c{Eo+eit)). 

Similarly, we have 

\{x-at){il;t,i^x,i^xx)\LHx) < C{Eo + (^{t)). 



□ 
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(7.20) 



LP{x) 



Corollary 7.5. For IfoUinffi; kt'oki < ^o, o,nd Eq > sufficiently small, 

(7.19) \{y-as){Q + T + R + S){y,s)\Li(y)<CEoil + s)-\ 

Lemma 7.6. Recalling (7.4) and (7.10), we have 

E(x, t — s; y)N(y, s)dy — U {s)u' {x)k(x — as, t — s) 

<c{i+t- s)~^^^~p^~^l + s)-\ 

/oo 
N{y, s)q{y, 0)dy. 
-oo 

Proof. By integration by parts, the Mean Value Theorem and (7.18)-(7.19), we have 
E{x, t — s; y)N{y, s)dy — U {s)v!{x)k{x — as, t — s) 

/oo 
\u{x)q{y,^)\\k{x -y,t-s)-k{x- as,t- s)\lp{x)\{Q + T){y, s)\dy 
-oo 

/oo 
v!{x)qy{y, 0) {k{x -y,t- s)-k{x- as, t - s)) {R + S){y, s)dy 
-oo 

/oo _ _ 

u'{x)q{y, Q)dy [k{x — y,t — s) — k{x — as,t — s)) {R + S){y, s)dy 
-oo 



LP{x) 



+ 



+ 



Lv{x) 
LP{x) 



< CEoil + t - s)-5(^-^)-5(|(y _a8){Q + T + R + S){y, s)|ii(^) 
+ CEoil + t - s)-5(i-i)-5|(Q + T + R + S)iy, s)|ii(,) 



< +CEo{l + t- sy^^^~p'~^{l + s)-^. 



□ 



Theorem 7.7 (Behavior). Suppose u{x,t) satisfies ut = Lu+0{\u^) and |tfo|LinHi) la^^^olii < 
Eq, with Eq > sufficiently small. Set 



poo 

/ U{s)ds + tJo, 
Jo 

Then \U^\ < oo and 

(7.21) \uix,t)-U^u\x)k{x,t)\LP(^) < CEo(l + t)"^(^"p)"^(l + ln(l + i)). 
Proof. Noting first, by integration by part and (7.14), that 

(7.22) \U{s)\ < C\{Q, R, S, T){y, s)|ii(j,) < \{v, ^t, ^x)\hi < CE^il + s)-'i , 
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we have I [/* I < C / {I + s)~2ds + CEo\uo\li < oo. 
Jo 

Now we break \u{x,t) — U^:u' {x)k{x,t)\ip(^x') into three parts. 

\u{x,t) - tJ^v! {x)k{x,t)\ip(^) 
= \u{x,t) — u{x) — U^u {x)k{x,t)\LPi^x) 
= \u{x + ip,t) — u{x) + u{x, t) — u{x + ip,t) — U^u {x)k{x, 
(7.23) < |^(a;, t)|iP(a;) + \u{x,t) - u{x + ilj,t) - U^u' {x)k{x,t)\ip(^^^ 

= |f(x,t)|ip(a.) + \Uxix + V',i)(l + ■>Px)tp + O(IV'P) - U*u{x)k{x,t)\Lp(^j;) 

= \v{x,t)\LP{x) + \ {u{x) + fx)V' + O(IV'P) - U*u{x)k{x,t)\Lp(^^) 

< \v{x,t)\Lp^^) + {\Vj:\\tlj\ +0{\tp\'^))LP{x) + \u'{x)tlj - U^u' {x)k{x,t)\Lp^^y 

By (7.14), we easily see first two terms 

\v{x,t)\Lp(^x) + (IWxIIV'l + \'4'\^)lp{x) 



(7.24) 



<C{l + t) ^'+\vx\l- 



< c(i + t)"^(^"^)~^ + c(i + t)-t(i + t)-^(i-^) + c(i + t)-^'-^^ 



Now we estimate the last term 



(7.25) 

\u\x)ip — U^u\x)k{x,t)\Lp(^^>^ 

f't poo 

E{x,t;y)uo{y)dy + / E{x,t - s;y)N{y, s)dyds - U^u' {x)k{x,t) 

Jo J-oo 



L 



< 



— oo 
oo 



LP{x) 



/oo 
E{x, t; y)uo{y)dy - UQu'{x)k{x, t) 
-oo 

/oo 
u\x)k{x,t)U{ 



LP{x) 



LP(x) 



+ 




E{x, t — s; y)N(y, s)dy — U {s)v! {x)k{x — as, t — s) 



LP{x) 



ds 



+ / \U{s)u' [x)\\k{x — as,t — s) — k{x,t)\i^p(^x)ds 
Jo 

I + 11 + 111 + IV. 



Since \U{s)\ < CEo{l + s)-2, 

^ ^ /"OO 11 

(7.26) //< C(l + i)"5(^-p)y (l + s)-2ds < C7(l + t)-2(^-p)-2. 
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By (7.20), we have 

(7.27) III<C f {l + t- s)~^^^~p^~^l + s)-^ds <C{l + t)~^^^~p^~^l + ln{l + t)). 

Jo 

By the Mean Value Theorem, for some s* G (0, i/2), we have 

IV < C (1 + s) 2\k{x — as,t — s) — k{x,t)\];^pMds 

Jt/2 

+ C (1 + s) '2s\kt{x — as,t — s*)\LP(j:)ds 

(7.28) Jo 

<C{l + t)~^''^~p^ [ {l + s)-'Us + C{l + ty^^^-p^~^ [ {l + s)-Us 

Jt/2 Jo 



By (7.15) and (7.24)-(7.28), we obtain the result (7.21). 



□ 



Remark 7.8. Untangling coordinate changes, we see that UJt{x,t) is an estimate for 
'4){x,t); that is, \u{x) — u{x — U^k{x,t))\ ~ \U^u'k\. This makes a connection between 
the analyses of [JZ2] (where v and tp but not U*k{x,t) appear) and [SI, S2] (where the 
equivalent of U*k{x,t) appears, but not v orip). 



7.3 Behavior for initial perturbation |Mo(a^)| < Eqc 



Ml 

M 



To show behavior of we first consider pointwise bounds of "0*; i^x and ipxx like previous 
one. In this section, we take Eq > sufficiently small and M > 1 sufficiently large. 

_kli 

Lemma 7.9. Suppose 1^0(3^)1 < Eqc m ^ for Eq > sufficiently small and M > 1 suffi- 
ciently large. Forv, t/jf, ipx o-nd ipxx defined in (7.12) and (7.13), define 

(7.29) C{t):= sup \{v,iJt,i^x,^xx)\{l + s)e^^^. 

0<s<t,xeM. 

Then, for allt>0 for which (^{t) defined in (7.29) is finite, 

(7.30) at)<C{Eo + C{tf) 
for some constant C > 0. 

3 

Proof. Note first that by (7.14), we have \vx\oo < \'^\h'^ ^ CEq{1 + t)~4 < C and so 
by(7.6) - -(7.9) and (7.29) we have 

\{Q,R,S,T){x,t)\ < \iv,iJt,^Px,i^xx){x,t)\^ <at)^{l + t)-\--^. 
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Thus, from (7.12), we have 
(7.31) 

/OO /'OO 

\G{x,t;y)\\voiy)\dy+ / \Gy{x,t - s;ymQ, R, S,T){y, s)\dsdy 

-OO Jo J —OO 

(1 + 1) 2i 2e Mt e M dy 

-OO 

/"* /"°° |a:-i/-a(t-a)|2 i/-aa|2 

+ CC (t) / / (t-s)"^e (l + s)"^e M(^+'>)dyds 

Jo J-oo 

<CEot-^e ^(1+*) +CC^(i)(l + i)-2e / (t - s)-2 (1 + s)-2ds 

Jo 

< CiEo + C^(t))(l + t)-ie"WTiy, 

here we use the integration by parts to exchange the dy and (dy + ds) derivatives on R 
and S respectively for —dy and {dy — dg) derivatives on G and recall \Gyy + Gt\ ^ \Gy\ < 

Recalling e{x,t;y) = for < i < 1 and from (7.13), we have 



\{lpt,'(l^x,'(l^xx){x,t)\ 

roD ft foo 

< 

'— OO ^0 -J —OO 

< Eo (1 + i) e Mt e M dy 

J —OO 



\exix,t;y)\\vQ{y)\dy + / |ea;(x, t - s; y)| KQ, i?, 5, r)(y, s)|<isdy 

-OO ^0 J —OO 



(7.32) 

+ C^(i) / / (l + i-s)"^e"'"' MCt-si" (l + s)-2e"*(TTt)dj/ds 

-/o J-oo 

_ ',i:-at|2 J _ \x~at\'^ .5 

< C£;o(l + t)"^e +CC^(t)(l + i)-2e ^^d+t) / {i + t - s)-^{l + sy^ds 

Jo 

< C(£;o + C^(i))(l + i)~^e"WTb. 
The (7.31) and (7.32) implies (7.30). 

□ 

Corollary 7.10. For v defined in (7.2) with \vo{x)\ < Ege m ^ Eq > sufficiently small 
and M > 1 sufficiently large, 

(7.33) \v{x, t)\ < CEo{l + t)-^e"TOi) . 

Proof. Same proof as Corollary 6.2. 

□ 
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Lemma 7.11. Let E he defined as in (7.4) and \uo{x)\ < Ege m ^ for Eq > sufficiently 
small and M > 1 sufficiently large. Then, for some sufficiently large M' > M , 

/OO \x — at\^ 

E{x,t;y)uoiy)dy - Uou'{x)kix,t) < CEoil + t)-^e~^^^ , 
-OO 



f°° - 1 

where Uq = uo{y)q{y,0)dy and k{x,t) = —j= 

J-oo V47r6t 

Proof. By the Mean Value Theorem, 



_\x--at\2 

e (4Mr 



/OO _ _ 

E{x, t; y)uo{y)dy - Uou'{x)k{x, t) 
-OO 

/OO 
\k{x-y,t)-k{x,t)\\uo{y)\dy 
-OO 



< CEi 



OO fl 



OO JO 



\'X — wy — at 



(1 + ty^e (1+*) e ~dwdy 



\x-at\-' 

<CEo(l+t)~^e MTTT+r), 



□ 



Lemma 7.12. Recalling (7.4) anc? (7.10), we have for some sufficiently large M" > M' > 
M, 



(7.35) 



where U{s) 



/OO 
E{x, t — s; y)N{y, s)dy — U{s)u'{x)k{x — as, t — s) 
-OO 

< CEoil + i - s)~^(l + s)-^e"^""(i+*) , 

OO 

^^(2/,s)g(y,0)dy. 
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Proof. Noting first that |(Q, R, S,T)\ < CEo{l + t)-'^e W+*y, we have 



/oo 
t - s; y)A^(y, s)dy - U{s)u'{x)k{x, t - s) 
-oo 

/CX) /'OO 
-y,t- s)q{y, 0)u'{x)N(y, s)dy - / N{y, s)q(y, 0)u'{x)k(x, t - s)dy 
-oo J —oo 

/oo 
u'{x)N{y, s)q{y, 0) -y,t- s)- k{x, t - s)) dy 
-oo 

/oo 
|tx'(x)g(y,0)||^(x - - s) - ^(x - as,t - s)\\{Q + T){y,s)\dy 
-oo 

/oo 
u'{x)qy{y, 0) - ?/, t - s) - fe(a; - as, i - s)) [R + S){y, s)dy 
-oo 

/oo 
u'{x)q{y, 0)dy {k{x — y,t — s) — k{x — as,t — s)) {R + S){y, s)dy 
-oo 



+ 
+ 



-oo 

/°° , \x-w{y-as)-at\-' _\y-as\^ 

I {l + t-s)~^e ^ \y-as\{l + s)~^e W+^dtudy 
-oo Jo 



\x-y — a(t-s)\ 



+ CEq / {l + t-s)-'e (l + s)-^e 



' — oo 

f oo 



< 



/OO /•! 
/ (l+t-s)-i 
-oo Jo 



\x—w{y—as)—at\ 3 |i< — as| 



<CEQ{l + t-s)~^{l + s)-^e ^"(1+*). 



Theorem 7.13 (Behavior). Suppose u{x,t) satisfies ut = Lu + 0{\u\'^) and \uo\ < Eqc' 
for Eq > sufficiently small and M > 1 sufficiently large. Set 

POO 

U*= / U{s)ds + Uo, 
Jo 

Then \U*\ < oo and for some sufficiently large M" > M' > M, 



□ 



2 



\x\ 



(7.36) 



I X — at I ■ 



\u{x,t) - U^u'{x)k{x,t)\ < C{l + t)-^e ^''d-H*) (1 + ln(l + t)) 



Proof. RecalHng \U{s)\ < CEo{l + .s)^2, we have \U^-.\ < oo. Wc first break \u{x,t) — 
U^:u'{x)k{x,t)\ into three parts exactly the same as (7.23). By (7.33) and (7.11), we easily 
see first two terms 



(7.37) 



ix,t)\ + 0{\v^U\ + IV-P) < C{l + t)-^e WTi) . 
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Now we break the last term into four parts exactly the same as (7.25). Then 
(7.38) II <CEQ{l + t)-^e~^=^^) j (1 + s)-2ds < C£;o(l + i)"^e" W+tJ. 



(7.39) III<CEo (l + i-s)-^(l + s)-^e~W+tycis< C£;o(l + i)"^e~W+^ln(l + t). 
Jo 



By (7.35), we have 

rt 
lo 

By the Mean Value Theorem, for some s* G (0, i/2), we have 
(7.40) 
IV < CEo 



/•* _3 - - Z"*/^ _3 - 

/ (1 + s) 2\k{x - as,t - s) - k{x,t)\ds + / (1 + s) ■2s\kt{x - as,t - s*)\ds 
Jt/2 Jo 



\x — at\' 



£ ft 3 _{x-at£ rt/2 J 3 

<CEo{l + t)~^e W+*y / {l + s)~2ds + CEoe W+*y / {1 + s)~2{l + t - s)~^ds 

Jt/s Jo 

< CEo{l + ty^e W+t). 
By (7.34) and (7.37)-(7.40), we obtain the result (7.36). 

□ 

7.4 Behavior for initial perturbation |t'o(a^)| < -E'o(l + |a;|)~^ 

The proof of following lemma and corollary are exactly the same as (6.21) and (6.22) 
replacing |a;| by \x — at\. In this section, we take E'o > sufficiently small and M > 1 
sufficiently large. 

Lemma 7.14. For all t > and r > 1, and any x eM., 

f t-se-'"""*""*' (1 + \y\r''dy <C A{l + \x- at\y + (1 + Vi)"^e"^^ 

J —oo 

for some sufficiently large M > and C > 0. 
Corollary 7.15. For all t > and r > 1, and any x eM., 

t-2e- '^'V (1 + lyD-'-dy < C (1 + \x - at\ + Vt)-"- + (1 + Vly^e-- 

-oo 

for some M > sufficiently large and C > 0. 

Lemma 7.16. Suppose \vo{x)\ < Eq{1 + |a;|)~^, r > 1, for Eq > sufficiently small and 
M > 1 sufficiently large. For Vjiptji^x O'^d ipxx defined in (7.12) and (7.13), define 
(7.42) 

1 —\x — as\^ 1 

C{t):= sup \{v,tPt,tpx,'<Pxx)\{l + s)^[{l + \x-as\ + ^/^)-' + {l + ^/I)-^e~^^(^] . 
0<s<t,xeM. 
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Then, for all t >0 for which ({t) is finite, we have 
(7.43) at)<CiEo + atf) 

for some constant C > 0. 

3 

Proof. Note first that by (7.14), we have \vx\oo < Mh^ < CEo{l + t)~i < C and so 
by (7.6) (7.9) and (7.42) we have 

\{Q,R,S,T){x,t)\ < \iv,iPt,i'x,i^xx)ix,t)f 



— \x — as\^ Q 

< C(0 (1 + s)" [(1 + \x- as\ + + (1 + V^)-^eT7(^] 



Then, from (7.12), we have 



\G{x,t;y)\\vo{y)\dy+ / \Gyix,t - s;y)\\iQ, R, S,T){y, s)\dsdy 

-oo J — oo 

<C£;o/ {l + t)-^t-^e M^(l + |y|)-'^cZy 



-oo 

rt /-oo 



+ CC^(i) / / {l + s)-\t- s)-^e M(t-.) (1 + |j/ - as| + ^/^)-^''dyds 

Jo J-oo 

/■* /""^ \x-y-ait-s)\'^ _\y-asj^ 

+ CC^{t) / / {l + s)-^{t-s)-^e we-") (1 + Vs) e '^n^+s) dyds 

Jo J-oo 
= 1 + 11 + III. 

By (7.41), we have 

if ; — /—I \x — at\'^ 

I <CEo{l + t)-2 {l + \x-at\ + Vi)-'' + {l + Vt)-^e , 

For III, we have 

III = C (t) / (l + s)~^ / (t-s)"^e ^c*--) e ^^^dyds 

Jo J-oo 

= C (0(1 + / (t-s)"2(l + s)"2ds 

< C^(i)(l + t)"^e"WT^). 
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For II, by (7.41), we estimate 

II<C(^{t) I (l + s)-(^+5)(i-s)-2 / (i-s)-2e {I + \y - as\)~'' dyds 

Jo J-oo 

nt 

<C(^{t) / {l + s)-^t- s)-'^{l + \x-at\ + ^/t^s)-^ds 
Jo 

+ CC^(t) f (l + s)-(^+5)(^-s)-5(l + Vt^)~^e"TOb]ds 
Jo 

-I \x — at\^ 

< CC^{t){l + t)-2 [(1 + |a; - at\ + Vt)-" + (1 + Vi)"^e" W+tJ] . 
Now we consider \{ipt-,''Px^'^xx)\- Recalling e{x,t;y) = for < t < 1, similarly we have 

\{tpt,i'x,'>Pxx){x,t)\ 

/oo pt poo 

\exix,t;y)\\vo{y)\dy + / / \exix,t - s;y)\\{Q,R,S,T){y,s)\dsdy 
-OO ^0 J —oo 

(l + i)-ie-^^!^(l + |y|)-dy 

-oo 

+ C'C^W / / {1 + s)-^{l + t- s)-^e M(t-.) (1 + |y - as| + y/^)-^''dyds 

Jo J-oo 

+ CC^(t) / / (l + s)"^(l+i-s)~^e W^^) (l + ^)-2e-M(T+i)dyds 

o 1 /— I— \ \x — at\^ 

< CC^{t){l + i)-2 [(1 + \x- at\ + Vty + (1 + Vt)~^e~^^^] . 

□ 

Corollary 7.17. For v defined in (7.2) with \vo{x)\ < Eo{l + {xl)"^ , r > 1, Eq > 
sufficiently small and M > 1 sufficiently large, 

(7.44) \v{x, t)\ < CEo{l + t)-^ [(1 + \x- at\ + Viy + (1 + Viy^e 



M(l+t) J 

Proof. Same proof as Corollary 6.2. □ 

The proofs of (7.45) and (7.46) in the following lemmas are the same as those for (6.25) 
and (6.26), respectively. 

Lemma 7.18. For all t > 0, x eR, r > 2 and allO <w <1, 
(7.45) 

/°0 1 _\x-wy-at^ r ^ 1 \x-at\'^ 

(l + t)-2e Af(i+t) (i + iyD-'-c^y <c'^Q (i + |^_ai| + Vi)"'' + (l + t)"2e 
-oo 

/or some sufficiently large M' > M. 
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Lemma 7.19. For all t > s > 0, x e R, r > 2 and all < w < 1, 



(7.46) 



(l + t-s)"2e M(i+t-.) (^i + |y| + ^ydy 

-oo 



<C£;o 



(1 + |x - ai| + - s + ^/iy + {l + t- s)~^{l + s)~ie Wh) 



for some sufficiently large M' > M. 

Lemma 7.20. Suppose u{x,t) satisfies ut = Lu and |no(a;)| < Eq{1 + \x\)~'^, r > 2, for 
Eq > sufficiently small and M > 1 sufficiently large. Then for some sufficiently large 
M' > M, 



(7.47) 



E{x, t; y)uoiy)dy - Uou'{x)k{x, t) 



< CEo 



(1 + t)-h {l + \x- at\ + Vt)-'-+i + (1 + t)-ie-l--'^*lV^'(i+0 



/•°^ - 1 

where Uq = uo{y)q{y,0)dy and k{x,t) = —j= 

J-oo V47r6t 

Proof. By (7.41) and (6.25), we have 



_\x-at\2 
g (46t) 



E{x, t; y)uo{y)dy - Uou'{x)k{x, t) 



<CEo / (1 + t)-^e 0+*^ (1 + \y\)-^+^dwdy 
J-oo Jo 



< CEo 



\o: — at\ 

(1 + t)-2{l + \x- at\ + Viy^'^ + (1 + t)"^e" aF(^" 



□ 



Lemma 7.21. Recalling (7.4) and (7.10), we have for some sufficiently large M' > M 
(7.48) 

E{x, t — s; y)N(y, s)dy — U {s)u' {x)k{x — as, t — s) 



x — at\ 



<CEo{l + sr^ {l + t-sy2(l + \x-at\ + Vt^+y/s)-'^''+'^ + {l + t-s)-'^e ^n+t) 



/oo 
N{y,s)q{y,0)dy 
-oo 

Proof. Noting first that 



\{Q, R, S,T)\< CEo{l + t)-^ [(1 + \x- at\ + Vt)-^' + (1 + t)-^e 



\x-at\2_ 
' M(l + t) 
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we have, from (7.46) and by the Mean Value Theorem, 



E{x, t — s; y)N{y, s)dy — U {s)u' {x)k{x, t — s 

5 

/OO 
\k{x-y,t-s)- kix, t-s)\\{Q, R, S, T){y, s)\dy 
-OO 

/OO rl \x — w(y — as)—at\'^ 

/ (1 + i - s)-^e \y - as\{l + s)-\l + \y - as\ + ^fs)''^'' dwdy 

-OO Jo 

/•OO /•! \x-vj(y-as)-at\^ _\y-as\^ 

+ CEq I I {l + t-s)~^e f*=^l \y - as\{l + s)~^e ^ii+s) dwdy 

J-oo Jo 

/OO pi \x—w(y — as) — at\'^ 

/ (1 + t - s)-^e ^^^^ (1 + s)-\l + \y-as\ + y/^)-^''+^dwdy 
-OO JO 

/•°0 rl |a^-i/,(3;-as)-at|^ 3 _ Jy-osj^ 

+ CEo / / (l + t-s)"^e (l + s)~2e ^^'(^dwdy 

J-oo Jo 

< CEo{l + 1 - s)-i(l + s)-^(l + |x - at| + + Vi)-^'^+^ 
+ CEo{l + t - s)-^{l + s)-'-e"WT^ + CEo{l + t - s)-^{l + s)-^e"^""(i+*) 

< CEo{l + sY^ \0- + t- s)"5 (1 + |a; - at\ + + \/t)-2''+^ + (1 + t - s)-^e"^""(i+*) 

□ 

Theorem 7.22 (Behavior). Suppose u{x,t) satisfies ut = Lu + 0{\u\'^) and \uo\ < Eq{1 + 
\x\)~^ , r > 2, for Eq > sufficiently small and M > 1 sufficiently large. Set 

/■OO 

U^= U{s)ds + Uo, 
Jo 

Then |[/*| < oo and for some sufficiently large M" > M' > M, 
(7.49) 

\u{x,t) — tJ^^v! {x)k{x,t)\ 



< CEo 



\x — at\ 

(1 + t)-^{l + \x- at\ + Viy^^ + (1 + t)"^e"*f"(i+*)(l + ln(l + t)) 



Proof. Recalhng \U{s)\ = \N{y, s)\j^i(^y^ < CEo(l + s)^2, we have |C7*| < oo. Now we break 
\u{x,t) — U:t:u'{x)k{x,t)\ into three parts exactly the same as (7.23). By (7.44) and (7.11), 
first two terms are trivial. 

(7.50) \v{x,t)\+0{\v^\\i;\ + \^/j\'^) < CEo{l+t)-^ [{l + \x-at\+Viy + il + Vi)-^e~ 



M(l+t) 
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ds 



_ 3 

Like (7.25), we break the last term into four parts. Since \U{s)\ < CEo{l + s)~2, 

(7.51) II <CEo{l + t)-^e W+tT J {l + s)-^ds <CEo{l + t)-^e W+tJ. 

By (7.48), we have 
(7.52) 

ft 1 , 

III<CEo / (l + t- s)-2{l + s)~\l + \x-at\ + ^/^^+^/l)-^'~+^ 
Jo 

+ CEq I (l + i-s)"^(l + s)"^e ^^)ds 
Jo 

< CEo{l + \x- at\ + Vt)"^''+^ / {l + t- s)-i (1 + s)-^ds 

Jo 

+ C£;o(l+i)~^e~WTi)[ f (i + s)-ids+ / {l + t-sy^c 

Jo Jt/2 

< CEo{l + \x- at\ + Vty^^l + Viyi^ + t)^ + CEo{l + t)-^e"^^T^ In(l + t) 



< CEq 



:i + t)- 2 (1 + \x- at\ + Vly^^ + (1 + i)-ie~ W+ty ln(l + t) 

_ 3 

Since \U{s)\ < CEq{1 + 5)^2, the estimate of IV is exactly the same as (7.40) which is 

(7.53) IV <CEo{l + t)-'^e~^'^^. 

By (7.47) and (7.50)-(7.53), we obtain the result (7.49). 



□ 
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